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Abstract 
This paper presents a novel weak-form block Petrov-Galerkin method (BPGM) 
for linear elastic and crack problems in functionally graded materials with bounded 
and unbounded problem domains. The main idea of this approach is to combine the 
meshless local Petrov-Galerkin method with block method. Once the problem domain 
is discretized into several sub-regions, named blocks, which can be mapped into 
normalized square domains. The weak-form Petrov-Galerkin method and polynomial 
series of interpolations are employed in each block. The computational efficiency is 
rigorously examined against the strong-form finite block method, the finite element 
technique and meshless approaches. Numerical results demonstrate that the BPGM 
possess the following important properties: (1) only a few blocks are required for 
calculating problems in unbounded regions which saves tedious work of meshing; (2) 
the displacements and stresses are continuous at the interfaces of neighboring blocks; 
(3) due to the use of weak formulation, the continuity requirements of the 
approximation functions are reduced and numerical solutions are stable; (4) because 
of using Lagrange polynomial interpolation, highly accurate results can be obtained 
with a small amount of nodes in each block. 
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1. Introduction 
Many engineering problems can be modeled as an extension of either finite or 
semi-infinite regions. The analytical solutions of these models are often difficult to 
obtain due to the complexity of material properties and irregular geometries. 
Numerical techniques are developed to deal with these problems which are modeled 
by partial differential equations (PDEs), among which the widely used approaches are 
finite difference method (FDM) [1], finite element method (FEM) [2] and boundary 
element method (BEM) [3]. The FDM and FEM are mesh dependent and become 
computationally time demanding on generation of high quality meshes for efficient 
solutions. The use of fundamental solutions or Green’s functions in BEM provides 
more accurate and efficient approximation. However, it is usually difficult to obtain the 
fundamental solutions in closed forms, especially for nonhomogeneous and anisotropic 
materials. In recent decades, meshless techniques were developed to solve practical 
problems and had drawn the attention of many investigators, including the smooth 
particle hydrodynamics method [4] , the diffuse element method [5], the element-free 
Galerkin method (EFG) [6] and the reproducing kernel particle method [7]. Based on 
the weak Petrov-Galerkin formulation, Atluri and his co-workers developed the 
meshless local Petrov-Galerkin method (MLPG) with moving least square 
approximation for problems in arbitrary geometries [8]. Sladek et al. [9] introduced the 
local boundary integral equation method for boundary value problems in anisotropic 
non-homogeneous media. Among these meshless approaches, the radial basis functions 
(RBFs) method [10] was a truly meshless collocation method using in particular the 
multiquadric shape function [11-12] for superior spectral convergence. However, it 
suffered from ill-conditioning problem. For large scale problems, the localized radial 
basis function method was developed and had been successfully applied to solve 
diffusion and convection-diffusion problems by Sarler et al. [13-14]. Liu et al. 
developed the radial point interpolation method based on a predefined background 
mesh to deal with various mechanical problems [15-16]. Recently, the combination of 
the finite integration method with RBFs [17-18] was developed to deal with stiff 
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problems.  
  The conventional approach to solve problems in unbound field is FEM which 
truncates the infinite boundary at a finite location in the far-field. This approach 
consumes a lot of computation for domain discritization. In some cases, analytical 
solutions could be obtained by considering a relatively small and finite region and 
setting the state in remote field to be as simple as possible. Zienkiewicz [19] and 
Brebbia [20] et al. combined the BEM and the FEM and provided appropriate 
boundary conditions at the truncated boundary. This approach was, however, limited 
by the explicit expression of fundamental solutions. The other common approach to 
tackle problems in unbounded domains is using infinite elements with shape functions 
[21-23] to map the unbounded fields into finite regions in which standard interpolation 
techniques can be performed [24-26].  
  The material properties of functionally graded materials (FGMs) can be 
pre-determined by controlling the spatial distribution of the composition and the 
variation of the volume fraction of their constituents. The FGMs had drawn attention 
from researchers of various disciplines in recent years. The superior performance of 
FGMs includes the high heat and corrosion resistances of ceramics and the high 
strength and toughness of metals [27-28]. In this paper, we consider elastic and crack 
problems made from FGMs. Cracks are commonly found in engineering structures 
especially during manufacturing processes involving high pressure. The analysis of 
isotropic FGMs of fracture mechanics under severe thermal and loading conditions had 
been investigated in [29-30]. Due to the near-tip stress singularity, the stress intensity 
factors (SIFs) are often used to evaluate the strength of cracked structures and the 
extension of the fatigue crack. They have the same form for homogeneous and 
non-homogeneous linear elastic problems [28]. Examples of evaluation of the SIFs can 
be found in literature [30-32]. Besides, Ozturk and Erdogan [33-34] studied the mode-I 
and mixed-mode cracks in an infinite non-homogeneous medium using the singular 
integral equation method. Kim and Paulino [35] computed the SIFs in orthotropic 
FGMs with the domain interaction integral method.  
  The finite block method (FBM) proposed recently by Li and Wen et al. was a strong 
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form approach and had been successfully applied to deal with heat conduction [36], 
contact [37] and fracture mechanics [38]. The main idea of the FBM is solving PDEs 
in large global domain with blocks which can be mapped into normalized sub-domains. 
The domain discretization with blocks is more simple to implement than the mesh 
generation process in FEM because only a few large size blocks are required. In the 
mapping region, meshless approaches are employed which avoid the local mesh 
generation and make it easier to perform adaptive analysis. The existing strong-form 
FBM is not always efficient and there may not be smooth solutions to particular 
problems especially in the cases with complex domains or different material interfaces. 
Moreover, it could be complicate to incorporate boundary conditions due to the strong 
requirement on the continuity of approximations. In our work, we adopt in each block 
the meshless local Petrov-Galerkin method which is based on the weak-form 
formulation. Comparing with the strong-form FBM, the weak-form block 
Petrov-Galerkin method (BPGM) is preferred because they reduce the continuity 
requirements on the approximation functions and Neumann boundary conditions are 
satisfied naturally. The meshless basis functions are normally chosen as moving least 
square (MLS) approximations, RBFs or other meshless kernels. In this paper, we use 
the Lagrange polynomial functions whose computational effort are much less than the 
RBFs and MLS interpolations. Another advantage of the block method is the 
satisfaction of continuity at the interface of neighboring blocks. The analysis of elastic 
fracture mechanics in finite regions by strong form meshless finite block method had 
already been performed in [42]. In the present paper, the elastic and crack problems in 
unbounded domains are investigated also. For the sake of validating the efficiency and 
accuracy, numerical solutions are compared with analytical values, finite element 
analysis results and the solutions of meshless methods including the BEM and EFG. 
This paper is organized as follows: Section 2 briefly introduces formulas of the 
strong-form FBM for one- and two-dimensional problems. Section 3 is the mapping 
and coordinate transformation for finite and infinite blocks. The meshless local 
Petrov-Galerkin method for solid mechanics is illustrated in Section 4. Based on the 
previous three section, Section 5 presents the process of implementation and 
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weak-form formulations of the BPGM. Five numerical examples are given in Section 6, 
from which all the illustrated advantages can be observed. Finally are conclusions and 
appendix. 
    
2. Strong-form Finite block method 
   The strong form FBM was proposed and developed by Wen et al. in recent years 
and had been numerically proved with high accuracy and efficiency. The main idea of 
this approach is to discretize the problem domain into several sub-regions, named 
blocks, which can be mapped into normalized domains in which point collocation 
schemes can be employed. Once the real domain is transformed to normalized domain 
by using quadratic type of blocks, the partial differential operators in practical region 
will be computed by differential operators in the normalized space. This section is a 
brief introduction of the strong form FBM for one- and two-dimensional problems 
using Lagrange series of interpolation. More details can be referred to [36-40].   
   2.1 One dimensional case 
   Consider a set of uniformly distributed nodes in normalized domain as shown in 
Figure 1, .,,2,1  ),1/()1(21 nini
i
 [34] 
 
 
 
 
Figure 1. One-dimensional node distribution in normalized domain. 
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Then the first order derivative can be determined by 
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which can be briefly written in matrix form as 
,Duu   (5) 
in which u  is the vector of nodal value of first order derivative with respect to u , 
D  is the first order differential matrix whose entries can be calculated by Eq.(4). 
2.2 Two-dimensional case 
   For a set of nodes ),(
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the subscript ijnij  )1(1  and 
N
ijiju 1}{   are nodal values as shown in Figure 2. 
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Figure 2: The number system of nodes in normalized domain. 
The first order derivative of u  with respect to  can be represented as: 
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Similarly, the first order derivative with respect to   can be represented as 
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For the sake of simplicity, we briefly write Eq.(6), (8) and (10) as 
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idea to high order derivatives, for example, the 
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n -th derivatives with 
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respective to   and  , we have: 
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It means that high order derivatives can be obtained directly by the first order 
derivatives. Therefore, the computational recursion is avoided.  
We can also write the derivatives in matrix form based on one-dimensional first order 
derivative. The partial differentials at each node with respect to  can be written as 
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in which D  is the one-dimensional differential matrix as given in Eq.(5) with 
dimension 
11
nn  . The partial differentials with respect to   should be constructed in 
the numbering system with the number of nodes jinp  )1(
2
, which can be 
written as: 
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By using the transform matrix T  in which all elements are zero except 
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Therefore, high order derivatives can be denoted in matrix form as  
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This shows again that high order and multi-dimensional partial differentials at all the 
nodal points can be calculated by one-dimensional differential matrix of first order. 
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3. Mapping and coordinate transformation  
3.1 Finite blocks 
  For two-dimensional problems in finite regions, quadratics type of block with 8 
seeds as shown in Figure 3 is often employed to map physical domains into 
normalized domains. The shape functions at each seed are: 
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which can be found in previous works of strong form FBM [36-40]. The corresponding 
partial differentials are given in appendix. 
 
    
    
Figure 3: Mapping of finite block: physical domain (left) and normalized domain (right). 
 3.2 Infinite blocks 
To solve problems in unbounded regions, infinite domain blocks are set up on definite 
places which are chosen artificially to model infinite boundaries. The shape functions 
in these blocks can be created with different number of seeds, among which the 
widely used are: four-seed mapping, five-seed mapping and six-seed mapping [24-26] 
as shown in Figure 4.   
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(f) 
Figure 4: Mapping for infinite blocks between physical (left) and normalized (right) domains with: 
four seeds (a,b), five seeds (c,d) and six seeds (e,f). 
 
The corresponding shape functions in infinite blocks are: 
four-seed mapping: 
，，
)1(
)1(
  ,
)1(2
)1)(1(
)1(2
)1)(1(
  ,
)1(
)1(
4321



















 NNNN  (20) 
five-seed mapping: 
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six-seed mapping: 
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whose partial differentials with respect to normalized axes   and   are listed in 
appendix. 
By the use of shape functions, the coordinate transformation can be determined as: 
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where n  is the number of seeds, ),( kk yx  and ),( kN  are coordinate and shape 
functions at the k-th seed in the real domain. 
Therefore, partial differentials of function ),( yxu  can be expressed as: 
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Substituting Eq.(8) and (10) into Eq.(24), we have: 
.)(
1
,)(
1
1 2
1 2
1 1
,22,21
1 1
,12,11
ij
n
i
n
j
jiji
ij
n
i
n
j
jiji
uGFGF
Jy
u
uGFGF
Jx
u


 
 










 (25) 
Note that shape functions at seeds of quadratic finite and infinite blocks are used for 
mapping of geometries while the Lagrange interpolation polynomial are employed for 
approximation of differential operators. In addition, the degree of freedom for each 
block could be different between each block. 
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4. Meshless local Petrov-Galerkin method for solid mechanics 
For a two-dimensional linear, elastic boundary value problem in a global domain   
bounded by  , the force equilibrium equations can be written as: 
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with boundary conditions:  
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where xf , yf  denote body forces, x , y  are normal stresses with respect to 
coordinate direction x  and y , xy  is shear stress. u , v  denote displacements, xt  
and  yt  are tractions along the direction of outer normal vectors ),( yx nn , that is: 
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Using meshless local Petrov-Galerkin method, the weak form of governing 
differential equations over a local integral sub-domain s  centered at point 
),(x sss yx  can be obtained [10] (Figure 5).  
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Figure 5: Local integral domain in the physical (left) and normalized domain (right). 
 
The weak formulation for the first equation in Eq.(26) is given as: 
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where   is a test function. By the use of the divergence theorem, the weak form can 
be expressed as: 
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where s  is the boundary of the local integral domain s . In this paper, we choose 
the simplest test function as follows: 
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Figure 6: Local integral mapping: physical (left) and normalized (right) domain. 
 
To consider the local integral mapping in s  as shown in Figure 6, the normalized 
local integral region for point ),(
cc
yx  is selected as a circle of radius R  and 
centered at ),( cc  . Then the coordinate of points at the local integral boundary can 
be written as: 
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Coupled with coordinate transform formula Eq.(23), the components of the line 
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segment in physical domain are: 
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Therefore, the length of the local integral boundary segment is determined as: 
.2222 Rdhgdydxd   (35) 
The components of the outer normal vectors are: 
   ),/2-sin(    ),/2-cos(  
yx
nn  (36) 
where   is the tangential at this point in the Cartesian coordinate: 
.tan 1
dx
dy  (37) 
 
5. Weak-form block Petrov-Galerkin method in functionally 
graded materials 
 5.1 The process of implementation 
The execution procedure of BPGM is briefly as follows: 
    Step 1. Discretize the problem domain into a set of blocks with four sides: 
straight or curved, and remember the connectivity of neighboring blocks. 
    Step 2. Map each block from physical region to normalized square domain and 
determine the coordinate transformation by the use of shape functions. 
    Step 3. Construct equations in each sub-region based on the weak-form 
Petrov-Galerkin technique with Lagrange interpolation calculation. 
    Step 4. Assemble equations in all the sub-regions as well as those for continuity 
conditions at the interface of neighboring blocks into the system equation. 
    Step 5. Exert boundary conditions. 
    Step 6. Solve system equations and evaluate values at place of interest. 
5.2 Weak-form equations in FGMs 
The material properties in non-homogeneous functionally graded materials are 
dependent on the spatial coordinates. For plane stress elasticity, the relationship 
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between stresses and strains gives: 
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in which 
11
Q , 
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Q , 
21
Q , 
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Q  and G  are material coefficients as follows: 
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where 
1
E  and 
2
E  are Young’s modulus along two axis of coordinate,  is 
Possion’s ratio and G  is the shear modulus. 
By substituting Eq.(25) into Eq.(38) , then into Eq. (31), we have: 
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The Dirichlet boundary conditions can be satisfied directly by Eq.(27). When 
Neumann conditions are given at the boundary, we have the following weak 
formulation: 
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Rewrite the length of boundary segment by using Eq.(35), we have: 
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for Eq.(40) and 
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 for Eq.(41), where )x( sA  is the area of the local integral domain s .  
 
6. Numerical results 
Example 6.1: 2D beam 
Consider a 2D beam with height h  unit and length L  unit in orthotropic 
functionally graded media with tension P  unit as shown in Figure 7. In the 
computation, the geometric parameters and the mechanical properties of materials are 
normalized as: hL 5 , 1P , hyeQ /11  , 
LxeQ /22  , 3/112 Q  and 2/13 Q . 
Based on the classical Euler-Bernoulli beam theory, the analytical expression of 
normal stress  , shear stress   and vertical deflection of top surface ),( hxuy  are 
given as [40]: 
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where )1/(  eha . 
 
Figure 7: Cantilever beam with 8 mapping seeds (  ). 
 
For this problem, we adopt one finite block with 8 seeds (Figure 7) and a set of 
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2N uniformly distributed nodes in this block. Numerical results of normal and shear 
stresses at the cross section 2/Lx   are given in Figure 8 and 9, respectively. Figure 
10 shows that the deflection of this beam at the top surface with respect to different 
number of nodes. It is evident that all the numerical solutions are in good agreement 
with analytical values. When the number of nodes in the block equals to 13  at each 
dimension, Table 1 presents relative errors of the point with the largest shear stress at 
the middle section using various different local integral radius R , which is chosen to 
be k , where   is one fourth of the distance between two neighboring nodes in 
the mapping domain (Figure 2: right) and k is a given constant. We can observe that 
the radius R  for local integral has little impact on the degree of accuracy when a 
relatively small integral domain is selected.  
 
 
Figure 8: Numerical and analytical normal stress distribution at middle section with 2/Lx  . 
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Figure 9: Numerical and analytical shear stress distribution at middle section with 2/Lx  . 
 
 
Figure 10: Numerical and analytical vertical deflection at the top surface.  
 
Table 1: Relative error of the point contributes to the largest xy  in Figure 8 using various 
different local integral radius. 
k  0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1 0.05 
R (×10-2) 3.75 3.33 2.92 2.50 2.08 1.67 1.25 0.83 0.42 0.21 
Error(％) 7.27 3.91 1.07 1.28 3.22 4.12 5.84 6.69 7.10 6.81 
 
Example 6.2：Rectangular plate containing a central crack 
Consider a rectangular plate of width w2  unit and height h2  unit with a central 
crack of length a2  unit under uniformly distributed load 0  on two ends as shown 
in Figure 11 (left). Due to the symmetry of this problem, only a quarter plate is 
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analyzed with dimension h  equals to a .  
 
 
 
 
Figure 11: Center-cracked plate with tensile loads (left) and an enlarged quarter of this (right). 
 
For this problem, two finite blocks introduced in section 3.1 are employed. The 
displacements and stresses for nodes at the interface ( int ) of block I and block II 
except two ends (joints) are required to be compatible, that is: 
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At corner joint (Figure 12), the following displacement continuity conditions and 
point equilibrium equations should be satisfied: 
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where )(1
)p(
2  and 
p  are starting and ending angles at joint for block p  as shown in 
Figure 12. 
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Figure 12: Corner joint relating to several blocks. 
 
Due to the singularity at the crack tip, we calculate and compare two kinds of 
different distributions of seeds around this point. Case 1: the seeds A, B and C located 
at midpoint of each side with coordinates )0,0.5( a , )5.0,( ha  and )0,5.1( a , 
respectively. Case 2: the seeds A, B and C are shifted to )0,7.0(' aA , )3.0,(' haB  and 
)0,3.1(' aC  which are closer to the crack-tip. The corresponding nodal distributions in 
physical region are given in Figure 13. When choosing material parameters 
1
21
 EE unit, 0.3  and )1(2/
1
 EG , the normal stress along the extension 
of the crack in block I and the vertical displacements at the crack surface in block II 
are presented in Figure 14 and 15, respectively. Numerical results calculated by BEM 
[38] with 64 boundary elements are shown also as a reference. It can be observe that 
results produced by irregularly distributed nodes are better than those by uniformly 
distributed ones. 
 
 
21 
 
(a) 
 
(b) 
Figure 13: Nodal distribution in blocks for case 1 (a) and case 2 (b). 
 
 
(a) 
 
(b) 
Figure 14: Numerical normal stresses along the extension of the crack in block I for case 1 (a) and 
case 2 (b). 
 
 
(a) 
 
(b) 
22 
 
Figure 15: Vertical displacements at the crack surface for case 1 (a) and case 2 (b). 
 
Secondly, consider the plate with a central crack whose elastic modulus has a 
power law distribution as 222
21
)1(  yxEE , other parameters are 0.3  
and )1(2/
1
 EG . Because the non-uniformly distributed nodes as shown in 
Figure 13(b) contribute to a better approximation, we adopt this distribution to 
compare numerical results calculated by the strong-form FBM and the weak-form 
BPGM. The normal stresses along the extension of the crack in block I and vertical 
displacements at the crack surface are plotted in Figure 16 and 17, respectively. Form 
which we can observe that the introduced BPGM works well for functionally graded 
materials with power law distribution also. 
 
Figure 16: Comparison of normal stresses along the extension of the crack in block I. 
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Figure 17: Comparison of vertical displacements at the crack surface. 
 
Thirdly, a general case of cracks with isotropic functionally graded material is 
given to investigate the convergence of the proposed approach. The elastic modulus 
has an exponential variation relating to coordinates as 
ayxeEEE /|)|||(
021
21   , where 
i  are constants and 0E  is the elastic modulus at the origin. The Poisson’s ratio and 
shear modulus are the same as the previous example. When using different number of 
nodes ( N ) on each dimension for interpolation, the normalized SIFs aKI 0/  at 
the fourth node from the crack tip are presented in Table 2. They are calculated based 
on the crack opening displacement at the interface with formula: 
rE
ua
K
tip
y
I
24



 (48) 
in which yu  is the changing of vertical displacement at the crack interface, tipE  is 
Young’s modulus at the crack tip and r  is the distance between the evaluation point 
and the crack tip. Numerical values agree well with the reference value (1.7677) given 
by FEM using 20000 quadratic shell elements via ABAQUS. Compared with results 
of strong-form FBM [40], the weak-form BPGM contributes to more stable solutions. 
Table 2: Normalized SIFs with different number of interpolation nodes on each dimension. 
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N  9 11 13 15 17 19 21 
aK
I

0
/  1.8321 1.8147 1.8077 1.8001 1.7948 1.7866 1.7856 
 
Example 6.3: Rectangular plate with an edge crack 
In this example, we consider a strip with an edge crack of length a  unit in 
isotropic functionally graded media with width w unit and height h2  unit. Uniform 
tensile and bending loads are applied on the top of the plate while the bottom is fixed 
as shown in Figure 18. The material parameters are exponential functions relating to 
x  as: )/exp(
021
wxEEE  , in which )/ln( 0EEw , 0E  and wE  are Young’s 
modulus on the left and right boundary of the strip, respectively. Other parameters are 
3.0  and )1(2/
1
 EG . For the sake of simplicity, the dimensions are 
normalized as aw 2 , wh 2 . 
 
 
 
Figure 18: A plate with edge-crack subjected to tensile and bending loads.  
For this problem, four finite blocks are employed and each one is covered by 
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21212 N  nodes whose distribution are selected to be Chebyshev’s roots as: 
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Table 3 and 4 present respectively numerical results of normalized SIFs aKI  2/ 0  
subject to tensile and bending loads with respect to different ratios of material 
property 0/ EEw . For comparison, we give also the analytical values by Erdogan and 
Wu [44] and numerical solutions by FBM [42], FEM [43] and EFG [45-46]. 
Obviously, the BPGM produces a comparable accuracy with the existing efficient 
numerical approaches  
Table 3: Normalized SIFs aK
I

0
/  for edge-cracked strip subjected to tensile. 
0/ EEw  BPGM FBM 
[40] 
Erdogan 
and Wu 
[42] 
Chen et al. 
[43] 
Kim and 
Paulino 
[41] 
Rao and 
Rahman 
[44] 
0.1 3.4310 3.4879 3.5701 3.5213 3.4960 3.5472 
0.2 3.2750 3.3224 3.3266 3.3234 3.2920 3.3297 
5 2.4294 2.4684 2.3656 2.4125 3.3660 2.3772 
10 2.2399 2.2826 2.1762 2.2234 2.1750 2.1889 
 
Table 4: Normalized SIFs aK
I

0
/  for edge-cracked strip subjected to bending. 
0/ EEw  BPGM FBM 
[40] 
Erdogan and 
Wu [42] 
Kim and 
Paulino [41] 
Rao and 
Rahman [44] 
0.1 2.2227 2.2669 2.2151 2.1450 2.1547 
0.2 2.0109 2.0408 1.9534 1.9250 1.9322 
5 1.2218 1.2366 1.1518 1.1580 1.1666 
10 1.0905 1.1066 1.0350 1.0350 1.0447 
 
Example 6.4: Infinite strip containing a circular hole  
Consider an isotropic homogeneous infinite strip containing a circular hole with 
radius R  equal to a  unit under a uniaxial load 
0
 , as shown in Figure 19. Due to 
symmetry of the problem, only a quarter of plate is modeled with two finite blocks 
and one infinite block. Because the edge of infinite block at reachable location is 
straight, all the mapping introduced in section 2.3 can be employed. In order to 
capture the stress concentration better, the coordinate of nodes in mapped domains are 
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selected to be Chebyshev's roots as given in Eq.(38). The analytical solution of 
maximum stress at point A is )(0max ahhK    [41], where K  is the stress 
concentration factor which can be expressed as 
.53.166.313.300.3
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By using BPGM, numerical results of stress concentration factor versus the ratio of 
radius of the circular hole and half height of the strip are shown in Figure 20, which 
are in good agreement with analytical values.     
 
Figure 19: Blocks in a quarter of infinite strip containing a circular hole.            
 
Figure 20: Stress concentration factor K  for a strip with circular hole. 
Secondly, consider the same geometry with non-homogenous FGMs. The elastic 
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modulus has an exponential variation in y-axis as 
21
EE
||
0
yeE  , where  is 
arbitrary constant, 0E  is elastic modulus at the bottom and selected to be one unit 
here. It represents that an infinite strip bonded with two strips of FGM in engineering. 
The Poisson’s ratio and shear modulus are the same as those in previous examples. 
When dealing with this unbounded problem with BPGM, it is necessary to carry out 
by the following two steps: 
Step 1: Deduce the general solution of stresses by using the Saint-Venant's 
Principle, we have: 
0
0  
x
, 0
0 
y
 , .00 
xy
  (51) 
Step 2: Find a particular solution '
x
 , '
y
  and '
xy
  by applying traction 
boundary condition on the hole as follows: 
 cos
0

x
t , 0
y
t , (52) 
where )/tan( xya . Then the numerical and shear stresses can be evaluated as: 
'0
xxx
  , '0
yyy
   and '0
xyxyxy
  . When 5.0/ ha , Figure 21 and 22 
present the distribution of normal stress along y-axis when 0x  for different  . 
While comparing with reference values given by FEM (ABAQUS) using a large 
amount of elements, the BPGM calculated by a few blocks produces comparable 
solutions. 
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Figure 21: Normal stress 
x
  of points along y -axis when 0x . 
 
Figure 22: Normal stress 
y
  of points along y -axis when 0x . 
Example 6.5. Edge-cracked infinite strip under tension 0   
 Finally we consider the edge-cracked infinite strip of height h2  unit with a 
central crack of length a2  unit subjected to a uniform tensile load 0  at infinity as 
shown in Figure 23. Four blocks including two finite blocks and two infinite blocks 
are required for calculation in this case. Chebyshev’s nodal distributions (Eq.(49)) are 
adopted in each mapped domain with density of 21212 N . The calculated 
normalized SIFs aKI 0/  of the fourth node from the crack-tip are plotted in 
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Figure 24, from which we observed that the biggest error occurs when 1.0/ ha  and 
the relative error is around 8.5 ％.  
 
 
 
 
 
 
 
 
Figure 23: Edge-cracked infinite strip subjected to a tensile load. 
 
Figure 24: Normalized stress intensity factor versus the ratio of ha / . 
 
7. Conclusion 
The block Petrov-Galerkin method which employs finite/infinite blocks and combined 
with the meshless local Petrov-Galerkin method is proposed for solving 
two-dimensional linear elastic fracture mechanics with anisotropic functionally graded 
materials. Quadratic type of blocks with eight seeds are chosen for problems in finite 
field, while for problems in unbounded regions, infinite blocks with four-seed mapping, 
five-seed mapping and six-seed mapping can be selected. Once the physical domain is 
divided into blocks, which are mapped into normalized square domains, the meshless 
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local Petrov-Galerkin method are employed with Lagrange series of interpolations in 
each block. The system equations are formulated by equilibrium equations, boundary 
conditions and continuous properties for all blocks. The stress intensity factors are 
obtained by crack opening displacement techniques. The essential features of the 
proposed approach and numerical results can be summarized as: 
(1)  The BPGM produces comparable results with the finite element analysis solutions 
and those of meshless approaches such as the BEM and EFG. Compared with FEM 
which requires a large amount of high-quality elements, the proposed method works 
with a few blocks reduce the calculation greatly. Because of using polynomials for 
interpolation in sub-regions, the precision is fine and there is no free parameters to 
determine. 
(2) Due to the use of the weak-form Petrov-Galerkin method, the continuity 
requirements on the approximation functions are reduced and Neumann boundary 
conditions are satisfied naturally. Comparing with the existing strong-form FBM, 
numerical solutions produced by the weak-form block approach is more stable. 
(3) The infinite blocks with quadratic shape functions are introduced for problems in 
unbounded field. This helps to avoid the negative effect of boundary conditions and 
reduce the computation cost. 
(4) To model the elastic mechanics problems with cracks, it is necessary to discretized 
the domain into several blocks, especially at the tip of a crack. And continuous 
conditions of displacements and stresses should be considered at the interface of 
neighboring blocks. 
(5) In addition, the distribution of nodes in normalized domains are selected to be the 
Chebyshev’s roots for improving the accuracy. 
However, apart from the above merits, the BPGM also has some limitations: (1) it is 
not a full-meshfree method and preprocess of block or domain discretization is still 
required; (2) it may consume additional computation for continuous conditions at the 
interface of neighboring blocks.  
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Partial differentials of shape functions with respect to normalized axes   and   for 
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